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Statistical Prerequisite 
 
 
A crash course on Maximum Likelihood theory 
 
Assume kXX ,...,1  are independent identically distributed random variables with density functions 

( )θ;⋅
iX

f .  Note that θ  can be a vector. Assume furthermore that we have observed the data 

nxx ,...,1 . The likelihood function is defined by  
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The likelihood is thus the probability of the parameter θ  given the observed data. An estimate of 
θ  is denoted θ̂ . 
The Maximum Likelihood Estimate (MLE) is the estimate θ̂  that maximises ( )kxxL ,,; 1 lθ : 
 

( ) ( ) Θ∈∀≥ θθθ ~,,;~,,;ˆ 11 kk xxLxxL ll  
 
For the purpose of finding the MLE it is often more convenient to work with a sum rather than a 
product. This is achieved by considering the log-likelihood function 
 
Example 
Let kXX ,...,1 be independent binomial variables: 
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The log-likelihood function is therefore given by 
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The first term is a constant and can be ignored. By usual optimisation it is easily shown that the 
MLE is  
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Maximum likelihood estimation owes it’s significance to a number of attractive properties of the 
MLE. The most important one under certain regularity conditions are (in non-technical terms) 

- Sufficiency: The estimator contains all information in the data about the parameter 
- Consistency: The estimator has the smallest variance 
- Efficiency: The estimator tends to the true value as the sample-size increases 
- Asymptotically normal: ( )( )1,0~ˆ −− θθθ iN�  
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Efron and Hinkley (1978) argue that the observed information ( )
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instead, since it, in some sense, is closer to the data. This appears to be commonly adopted by 
many statisticians. 
 
 
Example (continued): 
The second derivative of the log-likelihood function is given by 
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Since ( ) pnXE iip ⋅=  it follows that  
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The variance of the estimate is therefore ( ) ( )
+

− −⋅=
n
pppi 11 .  

An estimate of this variance is obtained by plugging in the estimate 
+

+=
n
xp̂ . This gives  
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Further reading: Lehmann (1983) gives a very thorough but also very technical presentation of 
the subject. McCullagh & Nelder (1989) has a small annex on the subject. This provides an 
excellent excerpt of the most important aspects of maximum likelihood theory. 
 
 
Below is given some theorems that are essential to the derivation of models in selectivity analysis. 
These are primarily within the field of probability theory. 
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Theorem 1. 
If ( )µPoN ~  and +∈Ra  then ( )µ⋅⋅ aPoNa ~  
 
Theorem 2. 
Assume kNN ,...,1  are k indpendent Poisson distributed variables: 
 

( )ii PoN µ~  
 
and set kNNNN +++=+ m21  
The conditional distribution of ( )kNN ,...,1  given ++ = nN  is multinomial: 
 
( ) ( )+++ = nmnNNN kk ;,,~|,, 11 ϕϕ ll  
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Theorem 3. 
Assume kXX ,...,1  are k independent random variables with ( )1;0~ NXi . 
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